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Abstract 

In this paper, we consider the Klein-Gordon-Schrodinger system with the higher 
order Yukawa coupling in and prove the local and global wellposedness in x 

H^/^. The method to be used is adapted from the scheme originally by CoUiander J., 
Holmer J., Tzirakis N. 8 to use the available conservation law of u and control the 
growth of n via the estimates in the local theory. 
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1 Introduction 

The Cauchy problem 

iut + Au = - nu, X G M'^, t G M; 
ntt + (1 - A)n =\u\'^ , xeM.'^,teR; (1.1) 
_ u{0) = uo, n(0) =no, nt(0) = ni. 

have been considered in ^0], J2]- Here w : M*^ x M — > C is the nucleon field and 



n 



nd 



X M — > M is the meson field. H. Pecher jl9j considered the system ()1.1|) in 
by Fourier truncation method N. Tzirakis j21j consider the same system in one, two, 
*This project is supported by the National Natural Science Foundation of China. 
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three dimension by I-method jl5j . They also obtained a polynomial in time bound for the 
growth of the norms. Recently, using the available conservation law of u and controlling 
the growth of n via the estimate in the local theory, J. Colliander et al. jH] obtained the 
optimal global well-posedness of in M'^+^. It is also applicable to ID and 2D case. 
Just as in |^, [7], the system Hl.lf) is naturally generalized to the following system 

iut + Au = — nf{\uf)u; 
nu + (1 - A)n =F(|n|2), F' = /, F(0) = /(O) = 0; 
n(0) = uo, n(0) =no, nt{0) = rii. 

The restricted case F{s) = in GKLS will be called KLS^. In this paper, we only consider 
the case 1 < m < 2,d = 1, that is 

iut + d^u = - mn\u\^'^"^-^K, x G M, i € M; 
ntt + (1 - a^)n =|np", xeR,teR; (1.2) 

(u,n,n)(0) =(no,no,ni). 

The reason that the higher order powers are introduced into the physically relevant 
dispersive PDEs is to adjust the strength of the nonlinearity relative to the dispersion to 
work toward understanding the balance between the two effects. We give the similar scaling 
analysises in next section. 

It is well known that the following conservation laws hold for (|1.2j) : 

M{u){t) =: \\u{t)l 

E{u,n){t) =: \\dMt)\? + \{\\An{t)f + \\nt{t)\\^) - [ \u{t)\^"'n{t)dx, ^^'^^ 

where || ■ || denotes the norm of L2(M) and A denotes {I - d^)^ . Here, we use the method 
in jH] rather than Fourier truncation method and I-method to consider the low regularity. 
The idea is to use the available conservation law of u and control the growth of n via 
the estimates in the local theory. 

Our main result is the following theorem 

Theorem 1.1. Let I < m < 2, then the KLSm <|^.<^ in dimension d = 1 is global well- 
posedness for (uo,no,ni) € x i/^/^ x H^^^"^ . More precisely, the solution {u,n) G 
C(M; L2) X C(M; H^) satisfies for t G M, 



h(*)IL2 = lhoii^2 



and 



\nit)\\j^i/2 + \\dtn{t)\\^_-,/2 < exp(c|t|||Mo||^T ^) max(||no||j:^i/2 + ||ni||^_i/2, ||wo||^?) 
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The paper is organized as follows. 

In Section 2, we first give some scaling analysises of the criticality, then give the linear 
and nonlinear estimates along with Ginibre, Tsutsumi and Velo UH] in the X*'^ spaces, which 
was introduced by Bourgain Kenig, Ponce and Vega jl6j . Klainerman and Machedon 
[T7j . HH]- We also can refer to Foschi [HI, Griinrock [Tl| and Selberg [20] . 

For the free dispersive equation of the form 

iut + ^{Dx)u = 0, Dx = -idx, (1.4) 
where (/? is a measurable function, let X^''' be the completion of 5(M) with respect to 
11/11^., : = || <e>^<r >^.F(e-*^(^^)/(x,t))||^. 
= \\<^>^<T-ipiO >'/(C,r))||i2 

In general, we use the notation X^^ for ip{^) = it < ^ > and X^'^ for ip{S,) = — l^^l^ without 
confusion. For a given time interval /, we define 

ll/llx^,'>(/)= mf WfWxs,. where /G 
f\i=f 

\\f\\x''-''(i)= -^^'^^ WfWx"'" ^^^^^ 7eXJ^ 
± ^ ^ /l/=/ ± 

In Section 3, we transform the KLS^ (|1.2|) into an equivalent system of first order in t in 
the usual way, then make use of Strichartz type estimates to give the local well-posedness in 
the X^^^{[0,6])xX^^'\[0,6]) spaces for some < 6 < 1/2, which is useful for the iteration 
procedure. In general, we can obtain the local well-posedness for b > ^, but in order to get 
the global wellposedness, we use < 6 < 1/2 to obtain some gains. 

In Section 4, we show that the local result can be iterated to get a solution on any 
time interval [0, T]. We first can construct the solution step by step on some time intervals, 
which is only dependent of ||'w(i)||2,2 = ||''^o||^2- Then we can repeat this entire procedure to 
get the desired time T, each time advancing a time of length ~ l/||tio||^T ^ (independent 
of ||(n(t),9ire(t))||^i/2^^_i/2). 

We use the following standard facts about the space X'/ [H. 

Let V G C'^(IR) and satisfy suppiV'} C (-2,2); Vl[-i,i] = 1; V'(i) = V'(-i),^ > 0. For 
< A < 1, define i^xit) = ^{{). 

For s G M, 6 > 0, we have the following homogeneous estimate 

||V'6e*'^(^^)*/(x)||^.,. <c5^-^||/||^,; (1.5) 



II i</3(D^)t^/ xll II ^11 . 

For 6' + l>6>0>6'>— ^,we have the following inhomogeneous estimates 

ft 







< c6 



l+fe'-6| 



F 



IX, 



s,b' , 



(1.6) 



(1.7) 
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F 



For I < p < 2,b < ^ — ^, we have the following Sobolev inequality 



I/I 



X2 



<c||/| 



(1.8) 



(1.9) 



Last we introduce the following notation: For A € M, Japanese symbol < A > denotes 

1 /2 

(l + |Ap) ; a+ (resp. a—) denotes a number slightly larger (resp. smaller) than a. 

2 Linear and Nonlinear Estimates 



In this section, we first transform the Klein-Gordon-Schrodinger system into an equivalent 
system of first order in t in the usual way to discuss the notion of criticality for the system 
H1.2|) . Later, we give some useful linear and nonlinear estimates. 
First, for the notion of criticality, we define 

11 1 

n±:=-{n±—nt), A = {I - d^)^ . 

Then we have 

n = n+ + n_, nt = iA{n^ — n„), = n_. 

and the equivalent system is 

iut + d'^u = — m{n+ + n^)\u\'^^'"^~^\ 

^ \2ni\ 



idtn± ± An± = ± -A-^ (In^™) 
n(0) = -uo G n±(0) = ^(no±T^ni) G F^. 



(2.1) 



We follow with Ginibre et at. [13| to discuss the criticality through scaling. Consider 
the following similar system 



idtu + d'^u 



m{n+ + n_)|np(™~^)n 
1 



(2.2) 



If there were not the term d'^u in the LHS of the first equation in l\2.'2\i . then the system 
1)2. 2|) would be invariant under the dilation 



u 
n 



>nA = A(2"™)/{2™-i)n(At,Ax) 



and the system (|2.2() would be critical for {uQ,n±{0)) G x for k 



4m- 2 ' 



2-m 



1 /2 

J. Hence it is x Hx -subcritical case for d = 1, 1 < m < 2. 



2m- 
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If there were not the term idtu in the LHS of the first equation in (|2.2|) . then the system 
H2.2|) would be invariant under the dilation 



n —^nx = 



2 2m-l' 



and the system (|2.2() would be critical for {u(j,n±{0)) G x for /c 
I = § — 2rn-i ■ Hence it is x L^-subcritical case ford=l,l<m<|. 

If there were not the term ziz{—d^)^^'^n± in the LHS of the second equation in (|2.2jl . 
then the system ()2.2p would be invariant under the dilation 

u^ux = X^/^^^'-^^uiXh^Xx) 

n ^nx = A(3-™)/(2™-i)n(A2t, Ax) 

and the system 1)2. 2() would be critical for (no,n-|-(0)) G x Hi. for /c = | — 
/ = ^ — ^^ry- Hence it is x /f^'^^-subcritical case for fi=l,l<m<3. 

If there were not the term idtn± in the LHS of the second equation in (|2.2|) . then the 
system 1)2. 2() would be invariant under the dilation 

u^ux = X^I^^^-^^u{X\Xx) 
n ^nx = X^/^^'^-^^niXh, Xx) 

and the system 1)2. 2() would be critical for {uo,n±{0)) € x for A; = | — 2m-i ' 
/ = ^ — 2^^- Hence it is x L^-subcritical case ford=l,l<m<|. 

That is the reason why we here focus on the local and global wellposedness of the 
system 1)2. If) in L^(M) x //^/^(M) for 1 < m < 2. We will take the other cases into account 
in the forthcoming papers. 

Second, we give some known linear estimates, for the Schrodinger equation, we have 

Lemma 2.1 (Strichartz estimate). \14)l Assume that 4 < q < +oo,2 < r < +oo, 
< I < i - and 

1 1 2 
s = . 

2 r a 



Then we have 

In particular, combining with the trivial equality ||'u||j;^2 = ||''^||xo,o' have 
Lemma 2.2. 'IJ] Assume that < - < ^, ^--<-<^ + - and 



6 > i _ i + if! _ 1) 



Then the estimate 



<c||n|Lo,b (2.3) 



holds true for all u G X^'^ . 
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For the Klein-Gordon equation, we will use the fact that 

11 

\\n±\\^jjs^j^~^ < c\\n±\\^,^i,, for 2 < p < 00,6 > - - - (2.4) 
which can be obtained from the interpolation between 



and the trivial equality 



a, 37 + 

± ■ 



Finally, we give some useful nonlinear estimates, which are especially important to the 
iteration procedure. 

Lemma 2.3 (Nonlinear estimates). Let 1 < m < 2, then there exists some < e < 1 — 
such that the estimates 

II I |2(m-l) II ^ II II II ||2m-l 



I 1 2m II ^ 1 1 1 1 2m 

\U\ _i hi < c\\u 



hold for any n± G and u G where 61 = 62 = + e, b'l = b'2 = -\ + 2me. 

Proof: By (|1.9|) . Holder inequality, we have 



I I |2(m-l) II ^ II I |2(m-l) 

\n±\u\ ^11^0,6'^ < c||n±|n| 



n 1 



^ II II II l|2m-l 

< c n± 1 n 4m-2 

if™ if LjLj-^o 

II ||2m-l 
„l/2 U 4m-2 



< C||"-±||^4r, 



where ^ + = 1 - 2me and < 6* < 1. 



?me and < 6* < 1. 

From (|2.4() . we have 
From Lemma 1221 we have 



P± UmH-i/a < c\\n±\\ 1 , • 



W 4m — 2 ^ C T^n hi , 

II II rgr 1-29 II 11^ ' 

under the conditions 

+ 2e <2-m, 

1 — 4me < m H 2, 

2m 



(2.5) 



which can be satisfied for 1 < m < 2. 
Therefore, we obtain 



I I |zim— 11 II II II II ||zm-t-i 

\n±\u\ ^t||^o,6'^ < c||n±|| 1^62 l|n||^o,bi • 
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e = 4me +m + 1/(2m) -2 



* A 



e+2E = 2-m 



Figure 1: 9 — e parameter picture for 1 < m < 1 + 



In addition, by H1.9() and Sobolev inequality and Lemma l2.21 we have 

1 2m 1 1 



\U\ 



<c 




2m II 


|m 








<c 




2m II 


|n 








<c 




2m 


ti| 


2m 




r 1 — 2me 


<c 




2m 







-1/2 



The proof is completed. 

Remark 2.1. Ifl < m < 1 + -^, we ta^e the value of 6 and e in the region ABC of Figure 
1; If 1 + ^ < m < 1 + -^, we take the value of 6 and e in the region ABoD of Figure 2 
(see next page); If 1 + ^ < m < 2, we take the value of 9 and e in the region AB a of Figure 
3 (see next page). As we know, when m = 2, it is difficult to prove the nonlinear estimates 
in the above lemma for some 6i, 62, b'l, 62 satisfying 2m + b'l + b'2 = {^m — l)bi + 62- Hence 
we cannot prove the global well-posedness in Theorem \l.l\ for the endpoint case m = 2. 



3 The Local Well-Posedness 

In this section, We construct a solution of (|2.1() in some time interval [0, S\ using the fixed 
point argument. 

The KLSm (|2.1j) has the following equivalent integral equation formulation 

u{t) = U{t)uo + imU^R[{n+ + n^)\u\^^"'-^^u]{t); 
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e = 4me +m + 1/(2m) -2 



* A 



e+2e = 2-m 



-0.4 -0.2 



0.2 0.4 0.6 „ 0.8 



Figure 2: 6 — e parameter picture forl + ^<m<l + ^. 









: e = 4me+m + 1/(2m) -2 












: e+2e = 2-m 



34 1 , , L_ , , 1 

-0.4 -0.2 0.2 0.4 0.6 „ 0.8 



Figure 3: 9 — e parameter picture for 1 + < m < 2. 
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where 

rt 

U{t)uo = e'^^-uo, U^j^F{t)= / U{t- s)F{s)ds; 

Jo 

Ty±(t)n±(0) = e±^*^n±(0), W±,RG{t) = f W{t - s)G{s)ds. 

Jo 

For < 5 < 1, we define a mapping M = (^As{u,n±), Aw±{u,n±)^ by 

( As{u,n±) = i)sU{t)uo + imi;sU^R[{n+ + n^)\u\'^^"'-^'^u]{t); 

Proposition 3.1 (The local well-posedness). Let 1 < m < 2, e > as in Lemma WT^ 

bi = b2 = + €, b[ = b'2 = + 2me. Assume that uq £ L'^(M), n±(0) G H^/^{M). 

Then there exists a positive number S satisfying 

<5'"+H^i-(2-i)^i-''.||^„||2--2||„^(0)||^,/, < 1; (3.2) 
^„.+i+^-2^^6,||^^||2m < ||n±(0)||^,/„ (3.3) 

such that the above Cauchy problem ^2.1^ has a unique solution u{t,x) S C([0,(5],L^) and 
n±{t,x) € C([0, 5], if^/^) with the property 

Remark 3.1. According to the value of bi,b2,b'i,b2, we have 

1 1 

m + - + 62 - (2m - 1)61 -b2 = m + - + b[- (2m - l)6i - 62 

= m + — + 62 ~ 2m6i 



Proof: Define tlie closed set Y as 



Define the metric in the set Y as 

(i((ui,ni±), (U2,ri2±)) = ll^^l - ^i2||^0,6wro5l) + |hl± - «2±|| 1.62 

([0,<5]) 

First, we prove that M maps Y into itself under some conditions on 6. 
Now take any {u,n±) G Y. By (|1.5() . ()1.7() and Lemma 12.31 we have 

II A / \ll ^ t-i — fji II II , e14-h'— hill I |2(m— 1) II 

^ ri— fti II II , r1+?)'— fcill II II ||2m~l 



< cS"^-'' \\uo\\^, + c(5i+'''i-''i55-f'2 ||n±(0)||^,/2 {d'^-'^' \\uo\\^,) 
<2c(5^-^i||no||^2 



2m- 1 
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under the condition (|3.2|) . 
In addition, we have 

1 2m 



< C(^5- 




\n±{^)\\H^/2 +c5^~ 




< C(^5- 


-b2| 


\n±{^)\\ljx/2 +c5^' 


h6^-b2 




-b2j 


h±(0)|^i/2 +c5^^ 


hfe(j-b2 


< 2c6^ 









» 2m 



under the condition Therefore, we prove that M maps y into itself. 

Second, we can prove that M is a contraction map under another conditions on 5. 
Take any {u2in2±) € Y , we have 



\Ks{ui,ni±) - A5(n2,n2±)||^o,6i 



([0,5]) 



. rl+b'-bill I |2(m-l) I |2(m-l) n 

<cO ^ 1 ||rai±|ni| ui-n2±\u2\ U2\\^o,b'^ 

, r\+b' —h^ I II II l\\ l|2(m— 1) II ||2(m— 1)\ II n 

<cd ^ 1 M ||ni±|| 1 t,2 (|pi||^o,f,i +\\u2\\xa,bi )\\ui-U2\\xo,i^ 
\ ^± 

, /I I ||2m— 1 , II ||2m— 1\ II n \ 

+ (Pillxo^"! + Mxo,b,)\\ni±-n2±\\^^^,^j 



-2fei)|L,J|2(™-l) 



U0\\^2 \\Ul-U2\\xO,bi 



+ 5(2m-l)(l-.,)||^„||2™-l||„^^_^^^|| 

II \\L II ll^|. 2 

<^(||ni -n2||^o,.,([o,5]) + 
under the conditions ()3.2() and 

^m+i+6',-2m6i||^^||2m-l <^ 

which is equivalent to for bi = 62 and b\ = 

In addition, we have 



|AH^^(ni,ni±) - AH/±(n2,n2±)|| 1 t, 

<^jl+fe^-fe|||^^|2m _ |^^|2m|| _ ^ 



X|^°2([0,5]) 



^ [-1 — ho / 1 1 ||2m— 1 , II ||2m— 1\ II m 
<Cd ^ 2 [\\ui\\j^OM + |P2||x(),i.i - '"2||jf0,i,i 

1,1 II 

under the condition 

The standard fixed point arguments gives a unique solution in time interval [0,6]. 
According to (fT^ and (HIHI), we can get that u G C([0,(5],L2) and n± G C([0, (5], i?^/2)_ 
Summarizing, The proof is completed. 
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4 Global Well-posedness 



In this section, we show that the process can be iterated to get a solution on any time 
interval [0, T]. We first can construct the solution step by step on some time intervals, 
which is only dependent of ||it(i)||£2 = ||^o||2,2- Then we can repeat this entire procedure 
to get the desired time T. 

According the mass conservation in ()1.3() . we conclude that ||u(t)||^2 = || ""(0)1 1^2- 
order to iterate the local result to obtain the global well-posedness, we are only concerned 
with the growth in ||n-i-(t)||^i/2 from one time step to the next step. 

Suppose that after some number of iterations we reach a time where ||n±(t)||^i/2 ^ 
— ll^oll^T- Take this time position as the initial time t = so that ||^io||^T 
||n-i-(0)||j:^i/2- Then ()3.3|1 is automatically satisfied and by H3.2() . we may select a time 
increment of size 

. /|| ||2m-2|| I . -l/(m+|+6;-(2m-l)bi-fc2) -.^ 



Since 



n±{t) = VF±n±(0) T '-W^,R[A-^\u\^){t), 



We can apply ()1.6() and (|1.7() and Proposition 13. II to obtain 

II II II II _L.li' III I "^TTi. I 

|P±('^)||j;^l/2 <|p±(0)||j:^l/2 + C(^2+ 2|||^i|- li 



boll l|2™ 



<lh±(o)|| 

<||n±(0)||^,/2+c<^"^+^+^^-^"^^ino||iT 

where c is some fixed constant. From this we can see that we can carry out N iterations on 
time intervals each of length (|4.1() . where 

N ^ h^^'^Wn^'^ ^ (4.2) 

before the quantity 1 1 n± (t ) 1 1 ^^1/2 doubles. The total time we advance after these iterations, 
by (jHU and and 2m + h'^ + h'^ = (4m - l)6i + 62, is 

lh±(o)Li/2 1 1 



which is independent of ||?i,±(t)||^i/2 . 

We can now repeat this entire procedure, each time advancing a time of length ~ 
l/||uo||^T ^. Upon each repetition, the size of [[^^±(0 II//1/2 will at most double, giving the 
exponential-in-time upper bound stated in Theorem ll.il 

This completes the proof of Theorem II .11 

Acknowledge: We are deeply grateful to Prof. James Colliander for his valuable 
suggestions and discussions. 
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